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Electron-phonon coupling is known to play an important role in the charge dynamics of semiconductor quantum
dots. Here we explore its role in the combined charge-photon dynamics of cavity-coupled double quantum dots.
Previous work on these systems has shown that strong electron-phonon coupling leads to a large contribution to
photoemission and gain from phonon-assisted emission and absorption processes. We compare the effects of this
phonon sideband in three commonly investigated gate-defined quantum dot material systems: InAs nanowires and
GaAs and Si two-dimensional electron gases (2DEGs). We compare our theory with existing experimental data
from cavity-coupled InAs nanowire and GaAs 2DEG double quantum dots and find quantitative agreement only
when the phonon sideband and photoemission processes during lead tunneling are taken into account. Finally,
we show that the phonon sideband also leads to a sizable renormalization of the cavity frequency, which allows
for direct spectroscopic probes of the electron-phonon coupling in these systems.
DOI: 10.1103/PhysRevB.97.035305
I. INTRODUCTION

Lasing and photoemission dynamics serve as a powerful
probe of light-matter interactions [1,2]. Recent years have
seen solid-state masing and photoemission pushed into the microwave quantum optical limit of few-level systems interacting
with single microwave photons [3]. These achievements are
due to the development of hybrid devices that integrate superconducting cavities with other coherent solid-state quantum
systems such as superconducting qubits [4–6] or semiconductor quantum dots [7–10]. In both the superconducting qubit
and quantum dot systems, repumping for maser operation is
induced by a finite source-drain bias, which results in population inversion. However, the manner in which each system is
coupled to the environment differs significantly. In particular,
in III-V quantum dots, piezoelectric electron-phonon coupling
is strong and can lead to inelastic charge relaxation without
photon emission [11,12], or a phonon-assisted photoemission
process [13,14].
At a finer level, there are strong differences even among
different semiconductor quantum dot platforms. In InAs
nanowires, confinement effects strongly modify the phonon
spectrum and the resulting electron-phonon coupling [15,16].
These nanowire systems can be contrasted with gate defined
quantum dots in GaAs or Si two-dimensional electron gases
(2DEGs). In GaAs 2DEGs, the phonon coupling at low
energies is dominated by bulk piezoelectric coupling, while in
Si there is just bulk deformation potential coupling due to the
inversion symmetry of the unit cell [17]. The dimensionality
and strength of electron-phonon coupling can thus impact the
photoemission properties of semiconductor quantum dots.
The purpose of this paper is to quantitatively compare the
role of electron-phonon interactions in the photoemission and
gain of cavity-coupled double quantum dots (DQDs) in the
2469-9950/2018/97(3)/035305(10)

three material systems illustrated in Fig. 1(a): InAs nanowires
and GaAs and Si 2DEGs. Previous theoretical work identified
four phonon-assisted emission and absorption processes [see
Fig. 1(b)] that play a key role in the charge-photon dynamics
of these systems [13,14]. We find that the primary distinction
between these material systems is the strength of the coupling
to the phonon sideband. We find that the phonon sideband plays
the largest role in InAs nanowire DQDs due to their enhanced
1D phonon density of states at low-energy. In GaAs 2DEG
DQDs, the phonon sideband plays a weaker role due to the
reduction in the low-energy phonon density of states in going
from 1D to 3D, while phonons have the weakest effect in Si
2DEG DQDs due to the absence of piezoelectric coupling. We
compare our theory to available experimental data in InAs [9]
and GaAs [10]. We conclude by discussing a technique for
direct detection of the electron-phonon coupling by measuring
shifts in the cavity frequency induced by the phonon sideband.
The paper is organized as follows. In Sec. II, we present our
microscopic model for the problem that includes a low-energy
description of the coupling of the DQD effective two-level
system (TLS) to leads, phonons, and cavity photons. In Sec. III,
we determine the properties of the nonequilbrium steady state
(NESS) of the DQD in the presence of finite source-drain bias,
which continually repumps the excited state. In Sec. IV, we
use our model to compute the cavity response to an external
drive and the photoemission rate in the absence of a drive
in the NESS. We then compare these predictions across the
three different material systems mentioned above, as well as
to experimental data. Throughout this work we restrict our
discussion to the regime below the masing threshold. This is
not a severe restriction, however, as this approach allows us
to to derive the parameters that enter the semiclassical laser
equations for this system, which describe the above threshold
behavior [13,18]. In Sec. V, we show how the phase response
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phonon dispersion, λqν is a coupling constant that depends on
†
momentum q and mode index ν of the phonons, and aqν (aqν )
are phonon creation (annihilation) operators.
III. NONEQUILIBRIUM STEADY STATE OF THE DQD

FIG. 1. (a) Schematic of two types of cavity-coupled DQDs we
consider based on nanowires (NW) or 2DEGs. Despite the similarities in the low-energy descriptions of the system, the surrounding
environment is dramatically different in the two cases. Differences
in the phonon environment have a strong effect on the chargephoton dynamics due to the presence of phonon-assisted emission
and absorption processes. (b) The charge states of the DQD form
an effective two-level system (TLS). Direct and phonon-assisted
emission and absorption processes at zero temperature are depicted
by the arrows.

of the cavity serves as a detailed spectroscopic probe of the
electron-phonon coupling in this system, as demonstrated in a
recent experiment on a suspended InAs nanowire DQD [19].

In this section, we integrate out the leads to zeroth order in
the cavity-DQD coupling to derive a master equation describing the three charge states of the DQD under application of a
source-drain bias Vsd = μ − μr . We find the nonequilibrium
steady-state (NESS) of the DQD and response functions, which
are later used to determine the steady-state cavity response
perturbatively in the cavity-DQD coupling.
To solve the dynamics of this model with a finite Vsd , we
transform to the eigenstates of H0 , for  > 0,

H = H0 + H + Hep ,

σz + tc σx + h̄ωc a † a + h̄gc σz (a + a † ),
2

†
†
H =
(k − μ )dk dk + (k − μr )dkr dkr

H0 =

(1)
(2)

+
Hep =

k

†
(tk dk c

+

†
tkr dkr cr

+ H.c.),

†
†
h̄ωqν aqν
aqν + h̄λqν σz (aqν
+ aqν ),

|g = sin(θ/2)|L + cos(θ/2)|R,

(6)

ρ̇ = −i[H0 ,ρ] + (α
+ (1 − α)

R (ν)

(3)

q,ν

where σμ are Pauli matrices operating in the orbital subspace
|L and |R,  is the detuning between the two dots, tc /h̄ is
the interdot tunneling rate, ωc is the bare cavity frequency,
gc is the DQD-cavity coupling, and a † (a) are cavity photon
creation (annihilation) operators. H describes the coupling to
the leads, where dk(r) are the fermion annihilation operators
for the left(right) lead, k is the electron dispersion in the
leads, μ(r) is the chemical potential in the left(right) lead,
c(r) is the fermion annihilation operator for the left(right) dot,
and tk(r) are tunneling matrix elements between the leads and
the dots. In the electron-phonon interaction Hep , ωqν is the

L D[|g0|]

+α

+ (1 − α)

R D[|0g|]
R D[|0e|])ρ

(7)

where α = cos2 (θ/2) and the Lindblad superoperators act according to D[A]ρ = −1/2{A† A,ρ} + AρA† for any operator
A. For  < 0, the |g/e states in the four lead tunneling terms in
Eq. (7) are reversed. The relaxation rates that enter this master
equation are the energy dependent tunneling rates from the left
lead onto the left dot ( L ) and from right dot into the right lead
( R ):
L (ν)

(4)

L D[|e0|]

+ γd [(1 + nd )D[|ge|] + nd D[|eg|]]ρ,

k



(5)

where |g/e are the ground/excited
energy states of the

DQD with energy h̄ω± = ±  2 /4 + tc2 , h̄ωd = h̄(ω+ − ω− )
is the energy splitting between these two states, and θ =
tan−1 (2tc /).
To model the current flow in the absence of the cavity, we
integrate out both the phonons and the electrons in the leads in
a Born-Markov approximation to arrive at the master equation
for three DQD states ( > 0):

II. MODEL

Due to the large charging energy of each quantum dot (Ec ∼
5 meV), we model the system by including just three DQD
charge states |0, |L, |R, where |0 has (M,N ) electrons, |L
has (M + 1,N) electrons, and |R has (M,N + 1) electrons in
the (left, right) dots. The low-energy Hamiltonian describing
the coupling between these charge states, the single mode of a
microwave cavity, the leads, and lattice phonons is given by

|e = cos(θ/2)|L − sin(θ/2)|R,

= 2π/h̄

= 2π/h̄





|tk |2 f (h̄ν)δ(h̄ν − k ),

(8)

|tkr |2 [1 − fr (h̄ν)]δ(h̄ν − k ),

(9)

k

k

where f,r (ε) = [e(ε−μ,r )/kB T + 1]−1 is the Fermi-Dirac distribution function for the left/right lead. When Vsd  h̄ωd ,
the system undergoes sequential single-electron tunneling
events within a finite bias triangle in the DQD charge-stability
diagram [12]. In this work, we assume L,R are independent of
energy over the relevant range of  and tc . The phonon induced
interdot charge relaxation rate is given by
γd () = 2π sin2 θ J (ωd ),

J (ν) =
|λqν |2 δ[ν − ωqν ],

(10)
(11)

q,ν

where J (ν) is the phonon spectral density (see Appendix).
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The NESS of the DQD ρss is a diagonal density matrix. The
steady-state populations in the ground pg and excited pe states
of the DQD can be found analytically from Eq. (7). The steady
state current through the DQD for  > 0 is
I =e

Tr(ρss |RR|) = e

R

R [(1

− α)pe + αpg ],
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terms in (gc ,λq,ν ) in HS and HR . The reservoir operators are
given by
Rc =

R [(1

− α)pg + αpe ].

(12)

Rd = −

(13)

In addition to the NESS, the master equation can
 be used to
find all steady-state DQD correlation functions  i σνi (ti ) to
zeroth order in gc using the quantum regression theorem [20].
IV. PHOTON EMISSION AND GAIN

In the presence of a finite source-drain bias, the resulting
current drives a steady-population in the excited state of the
effective two-level system (TLS) of the DQD. Repopulation of
this excited state leads to a continuous rate of photon emission
into the cavity. When the population in the excited state
exceeds the population in the ground state, the cavity-DQD
system is effectively inverted [21–23]. Population inversion
will lead to a gain response to an input cavity field. These
two effects, photon emission and gain, are associated with
different correlation functions of the driven cavity-coupled
DQD. Experiments are able to probe both effects in these
systems [7,8,10]. In this section, we calculate the gain of the
system when driven by an external cavity field and the steady
state photon emission rate in the absence of a cavity drive. We
compare our results between the different material systems
mentioned in the introduction, as well as recent experimental
data [9,10]. In all three material systems, we find that the
phonon sideband plays an important role in understanding and
modeling the resulting cavity correlation functions.
To find the cavity response we return to the original
Hamiltonian and derive Heisenberg-Langevin equations for the
cavity operators. Unlike the description of current through the
DQD, this approach is typically more tractable than solving
for the full density matrix of the cavity-field due to the infinite
Hilbert space of the cavity. We first regroup H into a system
Hamiltonian for the DQD and cavity, a reservoir describing the
bare phonons, leads, and cavity environment, and the coupling
between them:
H = HS + HR + HSR ,
ωd
σz + ωc a † a + gc sin θ (a † σ− + H.c.),
2

†
†
[(k − μ )dk dk + (k − μr )dkr dkr ]
HR =
k

+



†
ωqν aqν
aqν +

q,ν

HSR =

−Rc†

−

†
Rφ

a−

ωn bn† bn ,

n
†
RR cr

−

†
Rd

a σ− −

Ra†

aσ− + H.c.,

†
RL c

−

Re†

†

aσz −





tk(r) dk(r) ,

(18)

k

2tc 
8t 2  gc λqν
λqν aqν , Rφ = c
aqν , (19)
ωd q,ν
ωd q,ν ωd2 − ωc2
4tc   gc λqν
(ωqν + ωc )aqν ,
(20)
Re = 2
ωd q,ν ωc ωqν
4tc   gc λqν
(ωqν − ωc )aqν .
(21)
Ra = 2
ωd q,ν ωc ωqν

Rφ,e,a are the reservoir operators for the phonon sideband
processes. These reservoir operators are a crucial component
of our theory as they account for phonon-assisted emission
and absorption of the cavity field [see Fig. 1(b)]. This effective
Hamiltonian can be derived from second-order perturbation
theory in gc and λqν by treating the phonon environment
as a Markovian bath [13]. An alternative derivation using a
Keldysh framework was performed in Ref. [14]. We do not
reproduce these derivations here as they both follow standard
techniques applied to Eq. (1). To avoid infrared singularities in
the denominators of Eqs. (19)–(21), we regularize the phonon
propagator at low energies. Our regularization procedure is
described below. In principle, such effects could be accounted
for self-consistently in our theory by going to higher orders in
perturbation theory and including the dynamical evolution of
the phonon bath; however, it is likely that a proper microscopic
treatment of these effects requires a careful consideration of
the entire phonon environment, which is beyond the scope
of the present work. Furthermore, we find that all physical
observables we compute are independent of this regularization
procedure except in the case of InAs nanowires in the restricted
region ωd ≈ ωc , where there is an explicit dependence on the
infrared cutoff.
In the Markov approximation for the cavity and phonon
environment, we can express the reservoir operators in terms of
Langevin noise operators to arrive at the Heisenberg-Langevin
equations for the cavity field and charge [24]:
ȧ = −[(κ − χ )/2 + i(δ + δR )]a + igc sin θ σ− + 
+ σ− Fe† + σ+ Fa + σz Fφ + Fc ,

(22)

χ = rc σz  + (γe − γa )pe − γe pg − γφ (pg + pe )

(14)

HS =

τn bn , RL(R) = −

n

where e is the electronic charge and, for  < 0,
I =e



+ (γe ne + γe ne − γa na )σz  − κR ,

(15)
rc =

2gc2 sin2 θ
,
2 + 2

= γd (nd + 1/2) +

(23)
R /2,

(24)

ne = np (), ne = np (−),

(25)

na = np (ωd + ωc ), nφ = np (ωc ),

(26)

(16)

σ−
(17)

where we introduced a bath of modes that couple to the cavity
field bn and neglected counter-rotating terms and higher-order

where we have made the additional approximation of treating
the DQD operators in mean-field theory when evaluating χ ,
δ = ωc − ω is the detuning between the bare cavity frequency
and the drive frequency ω, δR ∝ gc2 is the renormalization of
the cavity frequency due to interactions with the quantum dot
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(see Sec. V for a more detailed discussion of this term),  is the
drive amplitude,  = ωd − ωc − δR , κ is the cavity decay rate,
χ is the mean-field gain rate, and rc is the direct photoemission
and absorption rate of the TLS. The noise operators Fν are
associated with each of the reservoir fields and, in the Markov
approximation, satisfy
[Fν (t



),Fν† (t)]

†
Fν  (t  )Fν (t)



= γν δνν  δ(t − t ),

(27)

= γν nν δνν  δ(t − t  ),

(28)

where γν is the associated decay rate and nν is the steady-state
occupation of the reservoirs, which are assumed to be thermal.
The phonon-assisted emission and absorption terms have the
explicit expressions [13,14]
8πg 2  2 sin2 θ
γe = 2 c 2
J (), γe = γe (−),
ωc ( + η2 )
8πg 2  2 sin2 θ
J (ωd + ωc ),
γa = 2 c
ωc (ωd + ωc )2
8πgc2 ωd2 sin4 θ
γφ =
J (ωc ),
(2 + η2 )(ωd + ωc )2


.
(κ − χ )/2 + i(δ + δR )

(32)

This expression shows that the cavity response is strongly
sensitive to the photon emission and absorption processes in
the system through χ , as well as the renormalization of the
cavity frequency δR . We define the normalized gain G and
phase response φ as
κ2
,
[κ − χ ()]2 + 4[δ + δR ()]2


δ + δR ()
.
φ(,δ) = − tan−1
[κ − χ ()]/2

G(,δ) =

(33)
(34)

In addition to the linear response of the cavity, direct
photoemission can be measured in the absence of an input
cavity field. Such measurements probe the two-field correlation
functions
a † (t + τ )a(t),

(35)

which can be expressed directly in terms of the DQD and
phonon correlation functions by integrating Eq. (22) and applying the quantum regression theorem [20]. Below threshold
and for small values of gc , there is negligible backaction of
the cavity on the DQD and, as a result, the DQD correlation

(36)

σ+ (t)σ− (t + τ ) = pe e−(γφ −i)τ ,

(37)

n = a † a = a † a0 + a † aph ,
r c pe
,
κ −χ
γa na pg
γ  n pe
γe (ne + 1)pe
+ e e +
=
κ −χ
κ −χ
κ −χ
γφ nφ (pe + pg )
.
+
κ −χ
a † a0 =

a † aph

(30)
(31)

σ+ (t + τ )σ− (t) = pe e−(γφ +i)τ ,

where τ > 0. From this analysis, we find the mean photon
number in the cavity below threshold can be decomposed into
a contribution from the direct interaction with the TLS and the
phonon sideband:

(29)

where γe is a phonon-assisted absorption process from the
ground state (not shown in Fig. 1) that becomes relevant when
h̄ωc > 2tc . In the expressions for γe,φ , we regularized any
potential infrared divergences that can arise when ωd is equal
to the renormalized cavity frequency ωc + δR by introducing
the renormalization parameter η. The physical scale of this
parameter is set by the finite lifetime of the phonons and excited
state of the DQD.
Throughout this work we will be focused on the regime
χ < κ below the threshold for masing. In the presence of an
external cavity drive in this regime, the output from the cavity
will be in a coherent state with amplitude
a =

functions can be found from the master equation in Sec. II
[Eq. (7)]. The only two-time correlation function that is needed
to compute Eq. (35) is

(38)
(39)

(40)

Equations (33), (34), and (38) have sizable contributions from
direct emission and absorption as well as phonon-assisted
processes. Furthermore, they have a complicated dependence
on the control parameters of the TLS:  and tc .
To better understand the parametric dependence of the
cavity response, in Fig. 2, we isolate the dependence of
each variable as a function of the detuning parameter .
For simplicity we consider the case where the TLS is near
resonance with the cavity at  = 0, i.e., h̄ωc ≈ 2tc . We are
particularly interested in making a direct comparison between
the behavior of the cavity response in the InAs nanowire DQDs
as compared to GaAs or Si 2DEG DQDs. This comparison
is achieved by choosing different effective models for the
phonon spectral density given in Eq. (11). For the nanowire,
the dominant contribution to J (ν) at low-frequencies is from
piezoelectric coupling to the lowest order phonon mode of
the nanowire, which, for small |q|, has the dispersion relation
ω(q) = cn |q|. As derived in a toy model in Appendix, the
phonon spectral density takes the form [15,25]
Jnw (ν) =

J0 d
2
2
sin2 (νd/cn )e−ν /2ω0 + Jb (ν),
cn ν

(41)

where J0 is a constant scale factor, d is the spacing between
dots, and ω0 = cn /a is a cutoff frequency. However, we
treat ω0 as a free parameter in our calculations. The term
Jb (ν) is a background phonon spectral density to account for
contributions from other phonon modes. In our calculations
we take Jb (ν) = r J3 (ν) defined in Eq. (42) below with r
a free parameter. The spectral density at low-frequencies in
a conventional 2DEG in type-III or type-IV semiconductors
will be dominated by coupling to bulk acoustic phonons. We
take a spherically symmetric linear dispersion ω(q) = cb |q| to
approximate
 c ν α−2
2
2
n
Jα (ν) = J0
[1 − sinc(νd/cb )]e−ν /2ωc ,
(42)
d
where α is determined by whether the piezoelectric coupling dominates (α = 3), as in the case of GaAs 2DEG, or
the deformation potential coupling dominates (α = 5), as in
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FIG. 2. (a) Emission and (b) absorption rates for different processes from Figs. 1(b) and 1(c) as a function of  for three different material
systems considered in this work. (c) Dependence of DQD populations on  for InAs (results are similar for GaAs and Si). Large population
inversion is only achieved for   tc due to asymmetry in level structure with respect to the source-drain bias (inset). Here we took gc /2π =
40 MHz, κ/2π = 2 MHz, ωc /2π = 8 GHz, γd (0)/2π = 1 GHz, ω0 /2π = 30 GHz, d = 120 nm, cn = 3000 m/s, cb = 4000 m/s, r = 0.5,
2tc / h = 8.1 GHz, L,R /2π = 1 GHz, and T = 100 mK.

the case of Si. Throughout this work we obtain results for
G(,δ),φ(,δ) and n by taking J (ν) = Jnw (ν), J (ν) = J3 (ν),
and J (ν) = J5 (ν) for InAs nanowires, GaAs 2DEGs, and for
Si 2DEGs, respectively.
At low frequencies, Jnw ∼ ν, while Jα (ν) ∼ ν α . From
Eq. (29) we can see that this low-frequency behavior will
strongly enhance the phonon-assisted emission process in
Fig. 1(b) in the nanowire system. This is clearly observed in
Fig. 2(a), where we can see that, all other parameters being
equal, the phonon-assisted emission in InAs nanowires is much
larger than in GaAs and Si. Furthermore, in the case of GaAs
and Si, we see from Fig. 2(b) that the rate for phonon-assisted
emission is comparable in magnitude to phonon-assisted absorption, implying that the overall contribution of phonons to
the gain will be reduced. In Fig. 2(c), we also show the behavior
of the population inversion as a function of . The asymmetry
between positive and negative  can be understood intuitively
because the position of the ground and excited states with
respect to the lead are inverted as  changes sign (see inset).
Since the phonon-assisted emission processes rely on a large
population in the excited state, the NESS will only probe these
emission processes at positive . In the regime near  ∼ tc , it is
also important to note that there can be substantial population
of the |0 state in the NESS when the interdot tunneling rate
becomes comparable to the lead tunneling rates. This is seen
in Fig. 2(c) as a suppression of the total population on the dot
pg + pe when  ∼ tc .
Figures 3 and 4 show the gain and mean photon number
in the NESS for the three material systems operating below
threshold. In Figs. 3(a)–3(c), we compare the gain in the
regime 2tc < h̄ωc . In this regime, the point where the cavity
is on resonance with the TLS transition energy also overlaps
with the region of large population inversion. This leads to
sizable gain in all three material systems, largely independent
of the details of the phonon sideband. Although this regime
can be challenging to reach experimentally due to the small
tunnel couplings involved and the resulting low-current rates,
achieving it provides a material independent route towards
masing (κ < χ ) in these cavity-coupled DQDs. The opposite

regime (2tc > h̄ωc ) has been explored extensively in InAs
nanowires where it was shown to allow sizable gain and masing
[8,9,18]. In our previous theoretical work, we attributed the
sizable gain in this system to the important role played by
the phonon sideband [13]. A direct comparison of the InAs
nanowire DQDs to 2DEG DQDs in GaAs and Si is presented in
Figs. 3(d)–3(f). For the nanowire, we see that the total amount
of gain remains similar to Fig. 3(a); however, for GaAs and
Si 2DEGs, the total amount of gain drops significantly due
to the weaker phonon sideband in these systems. In these
calculations, we also account for a small correction to χ and
n arising from photoemission events during lead tunneling
through the addition of the purely phenomenological term [18]
χ → χ + (αL + αR )I /e,

(43)

(αL + αR )
I /e.
κ −χ

(44)

n→n+

Here, I is given by Eqs. (12) and (13), and αL/R is the fraction
of tunneling events through the left/right barrier that result
in a photoemission event. In Ref. [18], detailed theoretical
modeling of the threshold dynamics of a single-DQD maser
extracted a value of αL,R in the range of 10−5 –10−4 for two
separate InAs nanowire devices. Second-order perturbation
theory in tkμ and gc for our model Hamiltonian in Sec. II
predicts the scaling
αμ ∼ gc2 /ωc2 ,

(45)

which is consistent with the order of magnitude of the experimentally extracted values. We leave a more quantitative
estimate of these effects for future work.
In Fig. 4, we compare the mean photon number in the NESS
in the regime of large photoemission 2tc = h̄ωc for the three
different material systems. Consistent with the results for the
gain, we find that the photoemission for InAs nanowires has
a large contribution from the phonon sideband. For the 2DEG
systems, the phonon sideband plays a smaller role, but still
provides a sizable contribution at large positive detunings.
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FIG. 3. (a)–(c) Normalized gain G in the NESS below threshold as a function detuning for three different material systems in the regime
2tc < h̄ωc . (Red dashed) Effective two-level system (TLS) approximation for the DQD. (Blue dashed) We also include contributions from
phonon sideband and (solid) photoemission during lead tunneling. Parameters are as in Fig. 2 with 2tc / h = 4 GHz. Here we also include a
small contribution from photoemission during lead emission (αL = αR = 10−5 ) [18]. (d)–(f) Similar to (a)–(c), but with 2tc /h̄ = 16 GHz > h̄ωc .
We see that the relative strength of the gain is comparable in the two cases for the InAs nanowire, but is substantially reduced when 2tc > h̄ωc
for the 2DEGs.

To more quantitatively test our model for gain and photoemission, we directly compare our predictions to available experimental data from cavity coupled DQDs in InAs nanowires
[9] and GaAs 2DEGs [10]. In the case of the comparison
to measurements on an InAs nanowire DQD in Fig. 5(a),
we find that the TLS approximation is unable to account for
the observed gain profile. Note that by TLS approximation
we mean that we only include the terms proportional to rc
in Eqs. (23) and (38) when computing G and n. The two
possible extensions to the model we consider are (i) including
(a) 0.02

(b) 0.06

InAs nanowire

TLS
TLS/phonon
TLS/phonon/leads

2tc = ωc

a† a

0.015

E 2tc

ωc

0.01

the phonon-assisted emission and absorption processes and
(ii) the photoemssion during lead tunneling. The phononassisted processes are accounted for by including the remaining
terms in Eqs. (23) and (38), with lead emission included via
Eqs. (43) and (44). In our previous work we only accounted for
the addition of the phonon sideband and were able to obtain
quantitative agreement with the data by fitting the electronphonon coupling strength and the temperature [13,14]. Here we
also take into account the lead emission process and find that it
contributes to the gain at positive detuning by an amount that
(c) 0.12

GaAs 2DEG
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FIG. 4. (a)–(c) Mean photon number in the cavity in the NESS below threshold for three different material systems in the regime of maximal
photoemission rate (2tc = h̄ωc ). Other parameters are as in Fig. 3. We see that for InAs nanowires, the phonon sideband gives a sizable correction
to the photoemission near  = 0, whereas for the 2DEG the photoemission is dominated by direct photoemission processes near  = 0 with a
smaller tail at large detuning due to the phonon sideband.
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(a)

In Fig. 5(b), we compare our theory to the measured photon
emission rate κout n in a GaAs 2DEG DQD. Here κout is the
contribution to the total cavity decay rate κ ≈ κout + κint due
to external damping out of the cavity and κint is the contribution from internal losses. In contrast to the InAs nanowire
DQD, we find that these measurements largely agree with the
TLS approximation with small deviations due to the phonon
sideband and lead tunneling. The most dominant deviations
from the TLS approximation are seen in the tails in the photon
emission rate at large . However, even in this regime, the
dominant correction to the TLS approximation arises from
photoemission during lead tunneling. The phonon sideband
provides a larger correction to the photon emission rate near
zero detuning when the DQD is approximately on resonance
with the cavity. This can be easily understood because the
contribution to the photon emission from the phonon sideband
becomes directly proportional to the temperature for GaAs
2DEG DQDs,

InAs nanowire
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α−1
kB T ≈ kB T .
2 + η 2

(46)

This identity readily follows from Eqs. (29) and (38) with
α = 3. From this expression, we see that measuring the photon
emission as a function of temperature would better isolate the
contribution from the phonon sideband. Similarly, the lead
processes could be isolated and more carefully analyzed by
measuring the photon emission rate for transport through a
single quantum dot.
In the case of Si 2DEG DQDs, we predict that the phonon
sideband will have a weaker contribution to the photon emission rate on resonance

0.2

0
-15
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15

FIG. 5. (a) Comparison of theory to experimental data from
Ref. [9]. Parameters used in theory are similar to those in our previous
work modeling this data set [13], but also accounting for photoemission during lead tunneling: gc /2π = 80 MHz, ωc /2π = 7.88 GHz,
κ/2π = 2.6 MHz, tc = 40 μeV, L,R /2π = 15 GHz, γd (0)/2π =
3 GHz, cn = 4000 m/s, cb = 5000 m/s, r = 0.1, ω0 /2π = 30 GHz,
T = 2 K, and αL,R = 2.5 × 10−5 . We accounted for charge noise
by convolving these results with a Gaussian as a function of  with
an RMS value of 40 μeV. (b) Comparison of predicted photoemission rate κout n to experimental data from Ref. [10] including
background photoemission. As opposed to (a), these data were taken
in the regime 2tc ≈ h̄ωc : gc /2π = 11 MHz, ωc /2π = 6.85 GHz,
κ/2π = 3.3 MHz, κout /κ = 0.5, tc = 13 μeV, R,L /2π = 0.5 GHz,
γd (0)/2π = 400 MHz, cb = 4000 m/s, ω0 /2π = 25 GHz T =
100 mK, and αL,R = 2.5 × 10−5 .

is comparable to the contribution from the phonon sideband.
However, the strong loss feature at negative detunings can not
be explained by either lead emission (which always leads to
gain) or the TLS approximation, therefore, we conclude that
the phonon sideband and lead emission process contribute
comparable amounts to the gain in these devices. The large
contribution from lead emission is consistent with the fact that
these DQDs were operated in a regime of large lead tunnel
rates ( L,R /2π ≈ 15 GHz). As we discuss in Sec. V, more
direct signatures of the phonon sideband can be obtained by
reducing the tunnel coupling to the leads.

lim

η→0,ωd →ωc

2
a † aSi
ph ∝  kB T → 0,

(47)

independent of temperature. In this case, the effects of the
phonon-assisted emission would primarily show up in the tail
of the gain or photoemission rate at large , as seen in Figs. 3(f)
and 4(c). These predictions for 2DEGs should be contrasted
with the InAs nanowire, in which case, Eq. (46) diverges as the
renormalization parameter η (arising from the finite lifetime of
the phonons and DQD excited state) is taken to zero.
V. PHONON SPECTROSCOPY

In the previous section, we showed that signatures of
the electron-phonon coupling appear in the cavity gain and
photoemission rate. We now show that the coupling to phonons
has the additional effect of renormalizing the cavity frequency,
which can be directly probed in the phase response to an input
driving field [see Eq. (34)]. This effect has a similar origin as
the dispersive shift of the cavity induced by the bare coupling
to the DQD, but arises at fourth order in perturbation theory
(second order in gc and second order in the electron-phonon
coupling) instead of second order in gc .
The effective Hamiltonian in Eq. (14) contains an interaction term between the photons, phonons, and the DQD. In
addition to the emission and absorption processes detailed
above, such an interaction term will also lead to energy shifts
that depend on the combined state of the system. Taking
the phonons to be at zero temperature, we can interpret this
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δR = pe (δe + δa ) + (pe + pg )δφ ,

δe =

16gc2 tc2  2
P
ωd4 ωc2

(48)

dω (ω + ωc )2 J (ω)
,
ω2 + η2 ω −  + i0+

(49)

(ω − ωc )2 J (ω)
dω
,
ω2 + η2 ω − (ωd + ωc ) + i0+

(50)

δa =

16gc2 tc2  2
P
ωd4 ωc2

δφ =

64gc2 tc2 sin2 θ
P
(2 + η2 )(ωd + ωc )2

dω

J (ω)
,
ω − ωc + i0+

(51)

where P denotes the principal value and δe,a,φ arise from the
interaction term associated with Re,a,φ , respectively. These
integrals are all UV convergent because of the exponential
cutoff in J (ω) at large frequencies in our model, while the
infrared divergences are regularized similar to Eqs. (29)–(31).
Similar to the gain enhancement we found in Sec. IV, the
term proportional to δe leads to a large shift in the cavity
frequency for positive detunings due to the large population in
the excited state. These shifts can be used as a sensitive probe of
the phonon spectral density. In particular, as seen in Eqs. (41)
and (42), J (ω) generally exhibits oscillations in frequency with
a period set by cn /d. These oscillations in J (ω) lead directly
to oscillations in the decay rate γd . The physical origin of the
oscillations in γd is the interference between phonon emission
events on the two dots, which leads to either superradiance
(antinode on each dot) or subradiance (node on each dot) [25].
These effects show up directly in the current through the dot and
have been observed in several experiments and DQD material
systems [15,16]. In the case of nanowire DQDs, there is still
some remaining controversy over whether the oscillations in
the current arise from the superradiant effect discussed here or
from higher-order transverse phonon modes in the nanowire.
The periodic modulation in γd has a strong effect on the
population in |e in the NESS [see inset to Fig. 6(a)]. Most
notably, when the tunneling rate off of the DQD R is less
than or comparable to the average value of γd , the excited
state population will be highly sensitive to small changes
in γd such that the oscillations in J (ω) are directly mapped
onto the excited state population. The effect of this periodic
modulation on the cavity frequency and phase response is
shown in Figs. 6(a) and 6(b), respectively, for two different
values of R . One can see that, for small values of R , the
cavity frequency and phase response show clear oscillations,
which are directly correlated with the oscillations in J (ω). As
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interaction energy as a shift in the cavity frequency that
depends on the state of the quantum dot. This frequency
shift can be found by a simple application of second-order
perturbation theory in gc applied to Eq. (14), similar to the
calculation of the phonon-assisted emission and decay rates
above. When the DQD is in the ground state and the phonons
are in the vacuum, the only interaction that shifts the cavity
frequency is given by the Rφ terms. On the other hand, when
the DQD is in the excited state, the Re and Ra interaction
terms will also lead to an energy shift. The average shift in the
cavity frequency δR in the NESS for the phonon bath at zero
temperature can, thus, be decomposed as
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FIG. 6. (a) Renormalization of the cavity frequency due to
electron-phonon coupling. We took the spectral density for InAs
nanowire DQD Jnw (ω) defined in Eq. (41). Dashed and solid
lines correspond to R /2π = L /2π = 1 GHz and R /2π =
L /2π = 100 MHz, respectively. Other parameters were taken
as gc /2π = 40 MHz, κ/2π = 2 MHz, ωc /2π = 8 GHz, 2tc / h =
16 GHz, γd (0)/2π = 2 GHz, cn = 2 100 m/s, d = 124 nm, ω0 /2π =
130 GHz, and r = 4 × 10−3 . (inset) Population in excited state in the
NESS. The visibility of the oscillations in pe decreases as the tunnel
coupling to the leads is increased. (b) Phase response to an external
drive field on resonance with the bare cavity frequency.

a result, we see that the cavity frequency serves as a highly
sensitive probe of the electron-phonon coupling in this system.
This effect was recently directly observed in a suspended InAs
nanowire DQD [19].

VI. CONCLUSIONS

We investigated the role of electron-phonon coupling in the
charge-photon dynamics of cavity-coupled DQDs. By making
direct comparisons between three different quantum dot material systems, we were able to better understand similarities and
differences in their charge-photon dynamics. Most notably, we
find that electron-phonon coupling has the strongest signatures
in InAs nanowire DQDs due to the enhanced 1D phonon density of states at low energies. In GaAs 2DEG DQDs, the phonon
sideband should be directly observable by investigating the
temperature dependence of the photoemission rate when the
DQD is directly on resonance with the cavity. In contrast, in Si
2DEG DQDs, the phonon sideband plays a much weaker role
due to the absence of piezoelectric coupling. Nevertheless, its
contributions should be observable in photoemission and gain
profile when the DQD TLS has a much higher energy than the
cavity. We expect that this work will help guide future efforts
in finding optimal operating points for quantum dot masers
and performing detailed microwave spectroscopy of electronphonon interactions. Such efforts will aid in the realization of
large scale quantum networks with semiconductor spin qubits
and superconducting cavities.
From a theoretical perspective, the present work has focused
on the below threshold regime of the DQD maser with the
phonons treated as a Markovian environment. Although we
expect semiclassical laser equations with parameters derived
below threshold to be a good approximation for describing
the regime above threshold [13,18], extending the type of
detailed microscopic modeling presented here to account for
quantum effects at the masing transition, as well as potential
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= 2i sin(qz d/2)e−iqz d/2 Mqν ,

non-Markovian effects associated with the phonon bath, is an
interesting direction of future research.

Mqν =
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APPENDIX: PHONON SPECTRAL DENSITY

In this Appendix, we use a toy model to derive the lowenergy DQD phonon spectral densities used in this work.
Neglecting electron interaction effects, we can express the
matrix elements for the electron-phonon interaction that couple
to the energy difference between the two dots in the DQD using
single-particle wave functions [25]:

d x|φ(x)|2 Vqν (x)eiq·x ,

(A2)

where |L/R are the single-particle states of the left/right dot,
Vqν is the interaction potential for the phonon mode with wave
vector q and branch ν, d is the spacing between the dots, the
dots are taken to lie along the z axis, and φ(r) = φ are the
envelope wave functions for the electrons in the dots. There is
an additional electron-phonon coupling to the total occupation
of the DQD, but this interaction decouples from the |L/R
sector. We approximate the envelope by spherical Gaussians
2
2
φ(x) ∝ e−|x| /2a . The electron-phonon interaction potential
can be broken up into a contribution from the deformation
potential and the piezoelectric potential [26]. Expanding Vqν
and performing the integral over space gives the form
Mqν =

1
2
2
(i|q|βν + ν ) e−a |q| /4 ,
2M ων (q)

(A3)

(A1)

where M is the average mass of the unit cell and βν and ν
are deformation and piezoelectic constants. The expression for
the phonon spectral density in 1D Jnw (ν) given in Eq. (41)
follows directly from these results. In 3D, one has to perform
an additional integral over the angular variables to arrive at
Jα (ν) given in Eq. (42).
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