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Spatial symmetries in crystals are distin-
guished by whether they preserve the spatial ori-
gin. We show how this basic geometric prop-
erty gives rise to a new topology in band insu-
lators. We study spatial symmetries that trans-
late the origin by a fraction of the lattice period,
and find that these nonsymmorphic symmetries
protect a novel surface fermion whose dispersion
is shaped like an hourglass; surface bands con-
nect one hourglass to the next in an unbreak-
able zigzag pattern. These exotic fermions are
materialized in the large-gap insulators: KHgX
(X=As,Sb,Bi), which we propose as the first ma-
terial class whose topology relies on nonsymmor-
phic symmetries. Beside the hourglass fermion,
another surface of KHgX manifests a 3D general-
ization of the quantum spin Hall e↵ect, which has
only been observed in 2D crystals. To describe
the bulk topology of nonsymmorphic crystals, we
propose a non-Abelian generalization of the ge-
ometric theory of polarization. Our nontrivial
topology originates from an inversion of the ro-
tational quantum numbers, which we propose as
a fruitful criterion in the search for topological
materials.

Spatial symmetries are ubiquitous in crystals. A basic
geometric property that distinguishes these symmetries
concerns how they transform the spatial origin: rota-
tions, inversions and reflections preserve the origin, while
screw rotations and glide reflections unavoidably trans-
late the origin by a fraction of the lattice period.[1] If
no origin exists that is simultaneously preserved, mod-
ulo lattice translations, by all symmetries in a space
group, this space group is called nonsymmorphic. De-
spite there being more nonsymmorphic than symmorphic
space groups, a nonsymmorphic insulator with nontrivial
topology has yet to be found.

In this work, we describe a new topology in band in-
sulators that arises from fractional translations of the
origin, and propose KHgX (X=As,Sb,Bi) as the first
material realization of its kind. The topology of KHgX
manifests di↵erently on its various surfaces, depending
on the spatial symmetries that are preserved on that sur-
face. On the 010 surface, we find that the glide-mirror
symmetry protects a novel surface fermion that disperses
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FIG. 1: Hourglass fermions and 3D quantum spin Hall e↵ect.
(a-c) Examples of the possible topologies of surface bands in
a nonsymmorphic crystal. All crossings along Z̃�̃X̃Ũ and de-
generacies along Ũ Z̃ arise from symmetry. (a) corresponds
to our material class, (b) to the trivial topology, and (c) to
a nontrivial topology which may be found in other materi-
als. (d) Hourglass fermion in KHgSb. (e) The well-known
2D quantum spin Hall e↵ect, with a pair of spin-split modes
counter-propagating on the edge. (f) 3D, doubled quantum
spin Hall e↵ect in a nutshell: two right-going surface modes
with spin up, and two left-going modes with spin down. These
surface modes are protected by a reflection symmetry, whose
mirror plane is indicated by parallel diagonal lines.

like an hourglass (see Fig. 1(d)); doubly-degenerate sur-
face bands connect one hourglass to the next in a zigzag
pattern that robustly interpolates across the conduction
gap in Fig. 1(a). This hourglass fermion sharply contrasts
with the Dirac fermions found on the surface of symmor-
phic topological insulators.[2] The 100 surface of KHgX
uniquely realizes a 3D doubled quantum spin hall e↵ect
(QSHE) with four counter-propagating surface modes
distinguished by spin, as illustrated in Fig. 1(f). Unlike
the well-known 2D QSHE[2–8] (Fig. 1(e)), the surface
states of KHgX are not protected by time-reversal sym-
metry alone, but are further stabilized by spatial sym-
metries. To describe the bulk topology of KHgX, we
introduce a non-Abelian generalization of polarization
that naturally describes glide-symmetric crystals, and is
moreover quantized due to space-time inversion symme-
try. Our work extends the well-known Abelian theory
of polarization,[9–11] which exhibits quantization due to
spatial-inversion symmetry.[12]

Crystal structure The crystal structure of KHgX is il-
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lustrated in Fig. 2: Hg andX ions form honeycomb layers
with AB stacking along ~z; between each AB bilayer sits
a triangular lattice of K ions. The spatial symmetries
include: (i) an inversion (I) centered around a K ion,
which we choose as our spatial origin, (ii) the screw ro-
tation C̄6z is a six-fold rotation about ~z followed by a
fractional lattice translation (t(c~z/2)). Here and hence-
forth, for any transformation g, we denote ḡ=t(c~z/2) g
as a product of g with this fractional translation. (iii)
Finally, we have the reflections M

y

: (x, y, z)!(x,�y, z),
M̄

z

=t(c~z/2)M
z

and M̄
x

=t(c~z/2)M
x

. Among these only
M̄

x

is a glide reflection, for which the fractional transla-
tion is unremovable by a di↵erent choice of origin. Al-
together, these symmetries generate the nonsymmorphic
space group D4

6h(P63/mmc).[13]

Each topological feature of KHgX may be attributed
to a smaller subset of the group – on surfaces where cer-
tain bulk symmetries are lost, their associated topology
is not manifest, e.g., the 100-surface symmetry is a sym-
morphic subgroup ofD4

6h, leading to a strikingly di↵erent
bandstructure than that of the nonsymmorphic 010 sur-
face. Our strategy is to deduce the possible topologies of
the surface bands purely from representations of the sur-
face symmetry. We then more carefully account for the
bulk symmetries and their representations, as well as in-
troduce a non-Abelian polarization to diagnose nontrivial
topology in the bulk wavefunctions.
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FIG. 2: Crystal structure and Brillouin zone of KHgX. (a)
3D view of atomic structure. The Hg (red) and X (blue)
ions form a honeycomb layers with AB stacking. The K ion
(cyan) is located at an inversion center, which we also choose
to be our spatial origin. (b) Top-down view of a truncated
lattice with two surfaces labelled 010 and 100, also known
respectively as (12̄10) and (101̄0) in the Miller notation. (c)
Center: bulk Brillouin zone (BZ) of KHgX, with two mirror
planes of M̄

z

colored red and blue. Top: 100-surface BZ.
Right: 010-surface BZ.

Surface analysis Let us first discuss the 010 surface,
whose group (Pma2) is generated by glideless M̄

z

and
glide M̄

x

. To explain the robust surface bands in Fig.
1, we consider each high-symmetry line in turn: (i)
At any wavevector (k0) along Z̃Ũ (k

z

=⇡/c), all bands
are doubly-degenerate. Indeed, the group[14] of k0 in-
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FIG. 3: The 010-surface bandstructure. The 010-surface
bands of KHgSb for an ideal surface termination in (a), and
with a modified surface potential in (b). (c-d) Possible surface
topologies along Z̃�̃Z̃. Solid and dashed distinguish between
two eigenvalue branches of M̄

x

: ±iexp(�ik
z

c/2).

cludes the antiunitary element TM̄
x

(time reversal with
a glide) which results in a Kramers-like degeneracy at
each k0. This follows from (TM̄

x

)2=T 2M̄2
x

=t(c~z), where
the lattice translation is represented by Bloch waves as
t(c~z)=exp(�ik

z

/c)=�I along Z̃Ũ .

(ii) Along both glide-invariant lines (�̃Z̃ (k
x

=0) and
X̃Ũ (k

x

=⇡/
p
3a)), bands split into quadruplets which

each exhibits an internal partner-switching in the interval
k
z

2[0,⇡/c]. To explain, M̄2
x

=t(c~z) Ē, with Ē a 2⇡-spin
rotation, implies two branches for the mirror eigenval-
ues: ±iexp(�ik

z

c/2). The role of time-reversal symme-
try is to enforce degeneracies between complex-conjugate
representations at both Kramers points, i.e., the M̄

x

eigenvalues are paired as {+i,�i} at k
z

=0, and either
{+1,+1} or {�1,�1} at k

z

=⇡/c. These constraints im-
ply two topologically distinct connectivities for the sur-
face bands. In the first (Fig. 3(c)), surface bands zigzag
across the conduction gap and each cusp is a Kramers
doublet – this will be elaborated as a glide-symmetric
analog of the 2D QSHE[15]. The second connectivity
in Fig. 3(d) applies to our material class: an internal
partner-switching occurs within each quadruplet, result-
ing in an hourglass-shaped dispersion. The center of each
hourglass is a robust crossing between orthogonal mirror
branches, i.e., a movable but unremovable Dirac fermion
in the interval k

z

2[0,⇡/c], as exemplified by KHgSb in
Fig. 1(d).

Piecing together (i) and (ii) along the bent line X̃Ũ Z̃�̃,
we show how a robust interpolation across the energy
gap may arise. At Z̃ and Ũ , there are two ways to con-
nect hourglasses to degenerate doublets: an ‘hourglass
flow’ describes the spectral connection of all hourglasses
by zigzag-connecting doublets, as drawn in the X̃Ũ Z̃�̃
section of Fig. 1(a), and further exemplified by KHgSb
(in Fig. 3(a)) with an ideal surface termination. To
demonstrate that the surface-localized bands of KHgSb
also connect with the surface-resonant bulk bands in this
hourglass-flow topology, we modified the surface poten-
tial of KHgSb to push the hourglass (along �̃Z̃) down into
the valence band; due to the proposed hourglass flow, a
di↵erent hourglass is pulled down from the conduction



3

band along ŨX̃ (see Fig. 3(b)). In contrast, the second
possible connectivity has no robust surface states (see
X̃Z̃Ũ �̃ section of Fig. 1(b)).

(iii) Along �̃X̃ (k
z

=0), bands divide into two subspaces
having either M̄

z

-eigenvalue +i or �i, as follows from
M̄2

z

=Ē. As illustrated in Fig. 3(b), the two chiral (anti-
chiral) surface modes in the +i (resp. �i) subspace may
be summarized by a mirror Chern number[16] (MCN):
C
e

=+2.
Since the 100 surface of KHgX also preserves the glide-

less M̄
z

, the 100 dispersion along �̄Ȳ (see Fig. 2(c)) is
topologically equivalent to that of the 010 along �̃X̃ –
this reflects two distinct surface projections (illustrated
by blue lines in Fig. 2(c)) of the nontrivial MCN in the
k
z

=0 plane (blue plane in Fig. 2(c)). However, the 100
surface does not respect the glide symmetry (M̄

x

) that
protects the hourglass fermions in the 010. Instead, the
100 surface modes barely disperse with k

z

, forming the
anisotropic band structure in Fig. 4(a); the spin expec-
tation value at the Fermi level is revealed in Fig. 4(b).
The low-energy transport properties are then described
by a 3D, doubled QSHE, where at each k

z

we have two
right-moving, spin-down, and surface-extended carriers,
in combination with their time-reversed partners at �k

z

.

FIG. 4: The 100-surface bandstructure. (a) The 100-surface
bandstructure over a momentum rectangle. While a small
hybridization gap (⇠1 meV) opens for k

z

6=0, along k
z

=0 is a
robust intersection between M̄

z

=±i subspaces. (b) Expecta-
tion value of spin at the Fermi level.

Bulk analysis Having enumerated the possible topolo-
gies purely from an analysis of the surface symmetries,
we proceed to identify which of these topologies are con-
sistent with the bulk symmetries. In a low-energy de-
scription of KHgSb, the bulk symmetries are represented
by one s-type quadruplet[17] (derived from Hg) and three
p-type quadruplets (from Sb). A 0.2-eV bulk gap is in-
duced by spin-orbit splitting of the p-type bands. Sup-
posing electrons fill 12 of these 16 bands, two scenarios
emerge: (i) If only the p-type bands are occupied, as
exemplified by KZnP in Fig. 5(b), then their correspond-
ing Wannier functions will center on the P atoms from
which the p-orbitals derive. (ii) With KHgSb, the oc-
cupied bands along �A have mixed s- and p-characters
(Fig. 5(c)), which suggests that its Wannier functions
center on the bond between Hg and Sb atoms. Since the
010 surface terminates to produce dangling Hb-Sb bonds
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FIG. 5: Bulk bandstructure and orbital analysis. (a) The
bulk bandstructure of KHgSb. The size of each red dot quan-
tifies the weight of Hg-s orbitals. (b-c) Orbital character of
KZnP (top) and KHgSb (bottom) at any point along �A, as
we vary the crystal field (CF) and spin-orbit coupling (SOC)
from zero (leftmost) to their natural strengths (rightmost).
The precise wavefunctions of S1/2, P3/2, P+ and P� are clari-
fied in the Supplemental Material. Unlike KZnP, the ground-
state of KHgSb has an inverted S1/2 quadruplet at all values
of the CF and SOC, and is consequently metallic where both
CF and SOC vanish.

(Fig. 2(b)), the mid-bond Wannier functions of KHgSb
mutually hybridize to form surface states. Contrastingly,
the on-atom Wannier functions of KZnP are unexpected
to form surface states.

Our intuition is justified formally by a Bloch-Wannier
(BW) representation[18] of the groundstate: the n

occ

occupied bands are represented as hybrid functions
{|kq, ni |n 2 {1, 2, . . . , n

occ

}} which maximally localize
in ~y (as a Wannier function) but extend in ~x and ~z (as
a Bloch wave with momentum kq=(k

x

, k
z

)). Each BW
function is an eigenfunction of the projected-position op-
erator P?ŷP?, where P? projects to the occupied bands;
the eigenvalue (y

n,kq) of P?ŷP? is the center-of-mass co-

ordinate of the BW function (
��n,kq

↵
).[19] Due to the dis-

crete translational symmetry of P?, each y
n,kq is a mod-

integer quantity representing a family of eigenfunctions
related by integer translations; here, 1⌘a/2 is the trans-
lational period in ~y (see Fig. 2(a-b)). Since the spectrum
of P?ŷP? can be interpolated[20, 21] to the 010-surface
bandstructure (Fig. 3(a)) while preserving the 010 sym-
metries, we expect[18] that both spectra share similar
features (Fig. 6): (i) degenerate doublets along Z̃Ũ , (ii)
partner-switching quadruplets along �̃Z̃ and X̃Ũ , and
(iii) robust crossings between orthogonal M̄

z

subspaces
(labelled by ±i in Fig. 6(d)) along �̃X̃.

Di↵erences arise because the spectrum of P?ŷP? ad-
ditionally encodes bulk symmetries which are spoiled by
the 010 surface, e.g., while our naive surface argument
allows for a glide-symmetric QSHE (i.e., zigzag connec-
tivity in Fig. 3(c)) along both �̃Z̃ and X̃Ũ , the out-of-
surface translational symmetry rules out this scenario
along X̃Ũ , as shown in the Supplemental Material. A
second di↵erence originates from the bulk inversion (I)
symmetry, which quantizes two invariants that have no
surface analog; these invariants describe the polarization
of quadruplets along the glide lines �̃Z̃ and X̃Ũ . Illus-
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tratively, consider in Fig. 6(b) the top quadruplet, whose
center-of-mass position may tentatively be defined by
averaging four BW positions: Y1(kq)=(1/4)

P4
n=1 yn,kq ,

with kq2�̃Z̃. Any polarization quantity should be well-
defined modulo 1, which reflects the discrete transla-
tional symmetry of the crystal. However, Y is only well-
defined mod 1/4 for quadruplet bands without symme-
try, due to the integer ambiguity of each of {y

n

|n2Z}.
This ambiguity is illustrated in Fig. 6(a) for an asym-
metric insulator with four occupied bands. Only the
spectrum for two spatial unit cells (with unit period)
is shown, and the discrete translational symmetry en-
sures y

j,kq=y
j+4l,kq�l for j, l2Z. Clearly the centers of

mass of {y1, y2, y3, y4} and {y2, y3, y4, y5} di↵er by 1/4
at each kq, but both choices are equally natural given
level repulsion across Z̃�̃Z̃. However, a unique choice
for the center of mass exists if the BW bands divide into
sets of four, such that within each set there are enough
contact points along �̃Z̃ to continuously travel between
the four bands. Such a property, which we call four-
fold connectivity, is illustrated in Fig. 6(b) for a glide-
symmetric insulator with four occupied bands (n

occ

=4).
Here, both quadruplets {y1, y2, y3, y4} and {y5, y6, y7, y8}
are connected, and their centers of mass di↵er by unity.
Our definition of a mod-one center-of-mass coordinate
then hinges on this four-fold connectivity which charac-
terizes insulators with glide and time-reversal symme-
tries. To extend this definition to multiple quadruplets
per unit cell (where integral n

occ

/4�1), let us define
the net displacement of all n

occ

/4 number of connected-
quadruplet centers: Q(kq)/e=

P
n

occ

/4

j=1
Y
j

(kq) mod 1; this
quantity is quantized to either 0 or 1/2 due to a com-
bination of time-reversal (T ) and spatial-inversion (I)
symmetry. Indeed, TI inverts the spatial coordinate but
leaves momentum untouched: TI|kq, ni=|kq,mi with
m6=n and y

n,kq=�y
m,kq mod 1. Consequently, TI :

Y
j

(kq)!Y
j

0(kq)=�Y
j

(kq) mod 1, and the only non-
integer contribution to Q/e (=1/2) arises if there exists
a TI-invariant quadruplet (j̄) centered at Y

j̄

=1/2=�Y
j̄

mod 1. Since each y
n,kq is a continuous function of kq,

Qkq is constant (⌘Q�̃Z̃

) over �̃Z̃. Alternatively stated,
Q�̃Z̃

is a quantized polarization invariant that character-
izes the entire glide plane that projects to �̃Z̃. Similarly
reasoning with X̃Ũ , we obtain two Z2 invariants: Q�̃Z̃

and Q
X̃Ũ

.

For KHgSb, Fig. 6(c) illustrates the absence (presence)
of the Y=1/2 quadruplet along X̃Ũ (resp. �̃Z̃), lead-
ing to Q

X̃Ũ

=0 and Q�̃Z̃

=e/2 – this di↵erence originates
from the band inversion along �A (cf. Fig. 5). Wherever
Q�̃Z̃

6=Q
X̃Ũ

, we obtain the hourglass-flow topology exem-
plified in Fig. 6(c). Contrastingly, Fig. 6(g-h) depicts
the trivial spectrum for KZnP. As initially motivated,
Q�̃Z̃

=e/2 in KHgSb indicates the mid-bond BW func-
tions, which further hybridize to form the hourglass of
Fig. 3(a) when the 010 surface is terminated.

The topological distinction between KHgSb and KZnP
may further be deduced by their di↵ering quantum num-

FIG. 6: Spectra of the projected-position operator P?ŷP?.
Comparison of the spectrum of P?ŷP? for (a) a system with-
out any symmetry, and (b) one with time-reversal, spatial-
inversion and glide symmetries. (c) Spectrum of P?ŷP? for
KHgSb, with corresponding close-ups (d-f). (g) Spectrum of
P?ŷP? for KZnP in half of the unit cell, with close-up (h).

bers under spatial transformations. Thus far, the most
successful strategy[22] in finding topological materials
lies in identifying centrosymmetric systems with inverted
parity quantum numbers.[16, 23–25] For KHgSb, the par-
ity eigenvalues of the s-quadruplet (recall Fig. 5) are
identical with those of any p-quadruplet, and therefore
there is no parity inversion at any inversion-invariant
momentum.[26] Instead, KHgSb manifests an inversion
of its eigenvalues (exp[�i⇡J

z

/3]) under the screw C̄6z.
[C̄6z, M̄z

]=0 implies states at � can simultaneously be
labelled by both operators. The M̄

z

=+i states in the
s-quadruplet (p-quadruplet) transform as J

z

=�1/2 and
5/2 (resp. J

z

=3/2 and �3/2), and their inversion at
� results in a net angular momentum gain (�J

z

=2),
which accompanies a quantized redistribution of Berry
curvature,[27] i.e., �J

z

equals the change in C
e

modulo
six, as proven in the Supplemental Material. There, we
further confirm C

e

=2 by the Wilson-loop method, in ac-
cordance with our surface analysis.

Discussion Spatial symmetries have played a crucial role
in the topological classification of band insulators[23, 28–
34]; nonsymmorphic spatial symmetries are particularly
useful in the classification of band semimetals[35–37]
and their Fermi-liquid analogs[38], as well as in identi-
fying topologically-ordered insulators with fractionalized
excitations.[39–41] To date, all experimentally-tested
topological insulators have relied on symmorphic space
groups.[2, 23–25] In KHgX, we propose the first fam-
ily of insulators with nonsymmorphic topology, in the
hope of stimulating interest in an experimentally bar-
ren field. Our time-reversal-invariant theory of KHgX
complements previous theoretical proposals with mag-
netic, nonsymmorphic space groups.[29, 31, 42–44] We
propose to characterize glide-symmetric crystals, such as
KHgX, by a quantized polarization which depends on the
non-Abelian Berry connection.[19, 45, 46] In constrast,
the standard polarization relates to the Abelian Berry
connection.[9, 12, 27] Additionally, KHgX uniquely ex-
emplifies a ‘rotationally-inverted’ insulator; a general
strategy to search for such materials in all space groups
is elaborated in the Supplemental Material.
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KHgX represents one among many possible topologies
within its space group, as illustrated in Fig. 1(a-c).
Which symmetry groups, other than that of KHgX,
allow for topological surface states? We propose a
criterion on the surface symmetry that applies to all
known symmetry-protected surface topologies. By
‘symmetry-protected’, we mean nonchiral surface states
with vanishing Chern[47] (or mirror Chern[16]) numbers.
Our criterion introduces the notion of connectivity
within a submanifold (M) of the surface Brillouin
zone, and relates to the theory of elementary energy
band[35, 36] – we say M is D-fold connected if bands
there divide into sets of D, such that within each set
there are enough contact points in M to continuously
travel through all D bands. If M is a single wavevector
(kq), D coincides with the dimension of the irreducible
representation at kq; D generalizes this notion of
symmetry-enforced degeneracy where M is larger than
a wavevector (e.g., a glide line). Our criterion: (a)
there exist two separated submanifolds M1 and M2,
with corresponding D1=D2=fd (f�2 and d�1 are
integers), and (b) a third submanifold M3 that connects
M1 and M2, with corresponding D3=d. Almost all
symmetry-protected surface topologies[3, 28–30, 48]
are characterized by D1=D2=2D3=2, with M1 and
M2 two high-symmetry wavevectors connected by a
curve M3, e.g., the edge of the QSH insulator[15] is
characterized by two Kramers-degenerate momenta
(hence D1=D2=2) connected by a curve with trivial
degeneracy (D3=1) – these constraints allow for a
Kramers-partner-switching dispersion.[3] In this work,
the surface symmetry Pma2 is characterized by two glide

lines (M1=�̃Z̃,M2=X̃Ũ) with hourglass bandstructures
(D1=D2=4), and a glideless mirror line (M3=Z̃Ũ) with
doubly-degenerate bands (D3=2). Previous studies of
magnetic systems[34, 43, 44, 49] have established a Z2

topology with D1=D2=2D3=2, where M1 and M2 are
also parallel glide lines. Our surface-centric criterion for
nontrivial topology is sometimes over-predictive because
it neglects bulk symmetries spoilt by the surface – a
fully-predictive methodology involves the representation
theory of Wilson loops and the new notion of a coho-
mological insulator.[17] Finally, an exciting direction for
future research lies in gapping the hourglass fermion
with magnetism and superconductivity.[50]
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